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Path-Integral Measures in Higher-Derivative Gravities
Shinji Hamamoto∗) and Makoto Nakamura∗∗)
Department of Physics, Toyama University,
Toyama 930-8555, Japan
A simple method of obtaining path-integral measures in higher-derivative gravities is
presented. The measures are nothing but the generalized Lee-Yang terms.
§1. Introduction
Path-integral measures in higher-derivative gravities have been calculated by
Buchbinder and Lyahovich. 1) To obtain the results, they investigated the structure of
the constraints of the theories, performing canonical quantization straightforwardly.
In the present paper, we propose a simple method of deriving path-integral
measures. The measures are obtained by calculating the generalized Lee-Yang terms.
In §2 a generic higher-derivative system is considered. We review canonical
formalism and path-integral quantization of the system, showing that the generalized
Lee-Yang term gives the path-integral measure. The Lee-Yang terms are explicitly
calculated for Einstein gravity in §3, and for four-derivative gravity in §4. The
measures obtained there agree with the ones of Buchbinder-Lyahovich. The method
is also applicable to the case of more-than-four-derivative gravities, which is studied
in §5. Section 6 gives summary and discussion.
§2. Generalized Lee-Yang term
We consider a generic system with coordinates xa(t) (a = 1, . . . , N) of Grass-
mann parities ǫa. The Lagrangian of the system is assumed to contain up to na-th
derivative of xa(t)
L = L(xa, x˙a, x¨a, . . . , x
(na)
a ), (2.1)
where
x(ra)a
d≡ (d/dt)ra xa. (ra = 1, . . . , na) (2.2)
Canonical formalism of Ostrogradski 2) regards x(sa) (sa = 1, . . . , na−1) as indepen-
dent coordinates qsa+1:
x(sa) → qsa+1, (2.3)
L(xa, x˙a, . . . , x
(na)
a )→ Lq(q1a, . . . , qnaa , q˙naa ). (2.4)
∗) E-mail: hamamoto@sci.toyama-u.ac.jp
∗∗) E-mail: makoto@jodo.sci.toyama-u.ac.jp
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Momenta conjugate to qnaa are defined as usual:
∗)
pana
d≡ ∂Lq/∂q˙naa . (2.5)
The Hessian matrix of Lq is
Aab
d≡ (∂/∂q˙naa ) ∂Lq/∂q˙nbb . (2.6)
If the system is nonsingular detAab 6= 0, which is the only case considered hereafter,
then the relation (2.5) can be inverted to give q˙naa as functions of q
ra
a (ra = 1, . . . , na)
and pana:
q˙naa = q˙
na
a (q
r, pn). (2.7)
The Hamiltonian is defined by
H
d≡ pasaqsa+1a + pana q˙naa (qr, pn)− Lq(qr, q˙n(qr, pn)). (2.8)
Canonical equations of motion q˙r = (∂/∂pr)H and p˙r = −∂H/∂qr determine the
time development of the system. Path integral is
Z =
∫
Dqraa Dpara exp
{
i
∫
dt
[
para q˙
ra
a −H(qr, pr)
]}
. (2.9)
After integration with respect to pasa and q
sa+1
a , this reduces to
3)
Z =
∫
Dq1aDpana exp
{
i
∫
dt
[
panaq
1(na)
a − Hˆ(q1, q1(s), pn)
]}
, (2.10)
where
Hˆ(q1, q1(s), pn)
d≡ pana q˙naa (q1, q1(s), pn)− Lq(q1, q1(s), q˙n(q1, q1(s), pn)), (2.11)
q1(sa)a
d≡ (d/dt)sa q1a. (2.12)
To proceed further, take the following special case:
Lq =
1
2
q˙naa A
abq˙nbb +B
aq˙naa + C, detA
ab 6= 0, (2.13)
where Aab, Ba and C are arbitrary functions of qraa with the properties
Aba = (−)ǫa+ǫb+ǫaǫbAab, (Aab)∗ = Aba,
(Ba)∗ = (−)ǫaBa, C∗ = C. (2.14)
In this case, the conjugate momenta are
pana = (−)ǫaAabq˙nbb +Ba. (2.15)
∗) In order to distinguish between left and right derivatives, we use the following notations:
(∂/∂θ)A for left derivative,
∂A/∂θ for right derivative.
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The Hamiltonian Hˆ in (2.11) becomes
Hˆ =
1
2
(pana −Ba)Aab(−)ǫb(pbnb −Bb)− C, (2.16)
where Aab represents the inverse matrix of A
ab. Integration with respect to pana can
be carried out in (2.10). The result is
Z =
∫
Dq1a∆ exp
(
i
∫
dtL
)
. (2.17)
In this expression, L is the higher-derivative Lagrangian in the original configuration
space
L
d≡ 1
2
q1(na)a A
abq
1(nb)
b +B
aq1(na)a + C. (2.18)
The measure ∆ is given as the generalized Lee-Yang term
∆
d≡ (detAab)−1/2 =
(
detAab
)1/2
. (2.19)
§3. Measure in Einstein gravity
The Lagrangian is given by
L(1) = LE + L(1)BRS, (3.1)
LE = − 1
κ2
√−gR. (3.2)
For the BRS Lagrangian we take
L(1)BRS = − iδ
[
c¯µ
(
1
κ
∂ν g˜
µν − α
2
ηµνbν
)]
= L(1)GF + L(1)FP, (3.3)
L(1)GF =
1
κ
bµ∂ν g˜
µν − α
2
ηµνbµbν , (3.4)
L(1)FP = −
i
2
(∂µc¯ν + ∂ν c¯µ)D
µν
ρ c
ρ. (3.5)
Here κ is the gravitational constant; α is a gauge parameter; ηµν is the Minkowski
metric (−+++); cµ, c¯µ are the Faddeev-Popov (FP) ghosts; bµ are the Nakanishi-
Lautrap (NL) fields; g˜µν
d≡ √−ggµν ; and
Dµνρ
d≡ g˜µσδνρ∂σ + g˜νσδµρ∂σ − g˜µν∂ρ − (∂ρg˜µν). (3.6)
The Lagrangian L(1) is invariant under the following BRS transformation:

δg˜µν = κDµνρ c
ρ,
δcµ = − κcλ∂λcµ,
δc¯µ = ibµ,
δbµ = 0.
(3.7)
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Because the BRS Lagrangian L(1)BRS is introduced from the beginning, the system
is made nonsingular. In order to calculate the Hessian matrix it is convenient to
rewrite L(1)GF by performing path-integration with respect to bµ in advance:
L(1)GF −→ L(1)
′
GF =
1
2ακ2
ηµν∂ρg˜
µρ∂σ g˜
νσ . (3.8)
Let the ADM coordinates be (λ, λi, eij):
gµν =
(
λkλk − λ2 λj
λi eij
)
, λi
d≡ eijλj . (3.9)
Expressing the Lagrangians (3.2),(3.8) and (3.5) in terms of the ADM coordinates,
we have
LE = 1
κ2
1
4λ
√
e
(
− P (2)ij,kl + 2P (0)ij,kl
)
e˙ij e˙kl + . . . , (3.10)
L(1)′GF =
1
2ακ2
e
{
− 1
λ4
(1− ηmnλmλn) λ˙2 − 2
λ3
ηmnλ
meniλ˙λ˙i
+
1
λ3
[
(1− ηmnλmλn) eij + ηmnλm
(
eniλj + enjλi
)]
λ˙e˙ij
+
1
λ2
ηmne
mienj λ˙iλ˙j +
1
λ2
ηmne
mi
(
λnekl − enkλl − enlλk
)
λ˙ie˙kl
+
1
4λ2
[
− eijekl
+ ηmn
(
λmeij − emiλj − emjλi
) (
λnekl − enkλl − enlλk
)]
e˙ij e˙kl
}
+ . . . , (3.11)
L(1)FP = i
√
e
{
1
λ
˙¯c0c˙
0 +
1
λ2
˙¯c0c
0λ˙− 1
2λ
˙¯c0c
0eij e˙ij +
1
λ
˙¯cic˙
i
+
1
λ
˙¯cic
0
[
− 1
λ
eijλjλ˙+ e
ij λ˙j +
1
2
(
eijekl − eikejl − eilejk
)
λj e˙kl
]}
+ . . . , (3.12)
where the projection operators
P (0)ij,kl
d≡ 1
3
eijekl, P (2)ij,kl
d≡ 1
2
(
eikejl + eilejk
)
− 1
3
eijekl (3.13)
have been introduced. In (3.10)-(3.12), only the highest-derivative terms have been
written down explicitly.
These terms are sufficient to read the Hessian matrix
M (1) =
ekl λ λb c
0 c¯0 c
j c¯j
eij
λ
λa
c0
c¯0
ci
c¯i


A(1) Γ (1)
Γ (1)t B(1)


.
(3.14)
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The submatrix A(1)
A(1) =

 A
(1)ij,kl A(1)ij,0 A(1)ij,b
A(1)0,kl A(1)00 A(1)0b
A(1)a,kl A(1)a0 A(1)ab

 (3.15)
has the elements
A(1)ij,kl =
1
κ2
√
e
2λ
(
− P (2)ij,kl + 2P (0)ij,kl
)
+
1
2ακ2
e
2λ2
[
− eijekl
+ ηmn
(
λmeij − emiλj − emjλi
)(
λnekl − enkλl − enlλk
)]
, (3.16)
A(1)ij,0 =
1
2ακ2
e
λ3
[
(1− ηmnλmλn) eij + ηmnλm
(
eniλj + enjλi
)]
, (3.17)
A(1)ij,b =
1
2ακ2
e
λ2
ηmne
mi
(
λneij − eniλj − enjλi
)
, (3.18)
A(1)00 =
1
2ακ2
(
−2e
λ4
)
(1− ηmnλmλn) , (3.19)
A(1)0b =
1
2ακ2
(
−2e
λ3
)
ηmnλ
menb, (3.20)
A(1)ab =
1
2ακ2
2e
λ2
ηmne
maenb. (3.21)
The submatrix B(1) has the form
B(1) =


J (1)
J (1)
J (1)
J (1)

 , J (1) = i
√
e
λ
(
−1
1
)
. (3.22)
It is easy to calculate the determinants of these submatrices:
detA(1) ∝ λ−16e, (3.23)
detB(1) ∝ λ−8e4. (3.24)
Using the fact Γ (1)B(1)−1Γ (1)t = 0, we have
detM (1) =
det(A(1) − Γ (1)B(1)−1Γ (1)t)
detB(1)
=
detA(1)
detB(1)
∝ λ−8e−3. (3.25)
Changing field variables from the ADM coordinates (λ, λi, eij) to the original ones
gµν gives the factor
(g00)m(−g)nDgµν = λ−2m+2n+1enDλDλiDeij
= (detM (1))1/2DλDλiDeij . (3.26)
In the present case Eq.(3.25) shows m = 1 and n = −3/2. Thus the path-integral
measure ∆(1) is
∆(1) = g00(−g)−3/2. (3.27)
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Bringing back the bµ-integration returns the gauge-fixing Lagrangian L(1)
′
GF to the
original form L(1)GF. We finally obtain
Z(1) =
∫
DgµνDbµDcµDc¯µ∆(1) exp
(
i
∫
L(1)d4x
)
. (3.28)
§4. Measure in four-derivative gravity
The Lagrangian of four-derivative gravity is given by
L(2) = LE + L(2)HD + L(2)BRS, (4.1)
L(2)HD =
√−g
(
β2R
µνRµν + β0R
2
)
, (4.2)
L(2)BRS = L(1)BRS (4.3)
with the parameters of the theory β2, β0. For the BRS Lagrangian we have adopted
the same one as in the previous section. This is sufficient for making the theory
nonsingular.
By the use of the ADM coordinates the Lagrangians are expressed as
LE + L(2)HD =
1
4λ3
√
eΛ(2)ij,kl
×
[
e¨ij − λ˙
λ
(e˙ij −∇iλj −∇jλi)−
(
∇iλ˙j +∇jλ˙i
)]
×
[
e¨kl −
λ˙
λ
(e˙kl −∇kλl −∇lλk)−
(
∇kλ˙l +∇lλ˙k
)]
+ . . . , (4.4)
L(2)′GF = L(1)
′
GF
=
1
2ακ2
e
[
− 1
λ4
(1− ηmnλmλn) λ˙2
− 2
λ3
ηmnλ
meniλ˙λ˙i +
1
λ2
ηmne
mienj λ˙iλ˙j
]
+ . . . , (4.5)
L(2)FP = L(1)FP
= i
√
e
[
1
λ
˙¯c0c˙
0 +
1
λ2
˙¯c0c
0λ˙+
1
λ
˙¯cic˙
i +
1
λ
˙¯cic
0
(
− 1
λ
λiλ˙+ eij λ˙j
)]
+ . . . , (4.6)
where Λ(2)ij,kl represents
Λ(2)ij,kl
d≡ β2P (2)ij,kl + 4 (β2 + 3β0)P (0)ij,kl, (4.7)
and ∇i denotes the covariant derivative associated with eij . We assume β2 6= 0
and β2 + 3β0 6= 0 from now on. In this case the method of obtaining path-integral
measures explained in §2 is applicable without any complexity.
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The Hessian matrix
M (2) =
ekl λ λb c
0 c¯0 c
j c¯j
eij
λ
λa
c0
c¯0
ci
c¯i


A(2) Γ (2)
Γ (2)t B(2)


(4.8)
can be read from (4.4)-(4.6) as follows:
A(2) =

 A
(2)ij,kl A(2)ij,0 A(2)ij,b
A(2)0,kl A(2)00 A(2)0b
A(2)a,kl A(2)a0 A(2)ab

 (4.9)
has the elements
A(2)ij,kl =
√
e
2λ3
Λ(2)ij,kl, (4.10)
A(2)ij,0 = −
√
e
2λ4
Λ(2)ij,kl (e˙kl −∇kλl −∇lλk) , (4.11)
A(2)ij,b = −
√
e
2λ3
Λ(2)ij,kl
(
∇kδbl +∇lδbk
)
, (4.12)
A(2)00 =
1
2ακ2
(
−2e
λ4
)
(1− ηmnλmλn)
+
√
e
2λ5
Λ(2)ij,kl (e˙ij −∇iλj −∇jλi) (e˙kl −∇kλl −∇lλk) , (4.13)
A(2)0b =
1
2ακ2
(
−2e
λ3
)
ηmnλ
menb
+
√
e
2λ4
Λ(2)ij,kl (e˙ij −∇iλj −∇jλi)
(
∇kδbl +∇lδbk
)
, (4.14)
A(2)ab =
1
2ακ2
2e
λ2
ηmne
maenb
+
(
←
∇i δaj+
←
∇j δai
) √e
2λ3
Λ(2)ij,kl
(
∇kδbl +∇lδbk
)
, (4.15)
and B(2) is
B(2) = B(1). (4.16)
The determinant of A(2) can be calculated in this case as
detA(2) ∝ λ−28e. (4.17)
Therefore we have
detM (2) ∝ λ−20e−3, (4.18)
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where we have taken into account Eq.(3.24) and used the fact Γ (2)B(2)−1Γ (2)t = 0.
The path-integral expression obtained is thus
Z(2) =
∫
DgµνDbµDcµDc¯µ∆(2) exp
(
i
∫
L(2)d4x
)
(4.19)
with the measure
∆(2) = (g00)4(−g)−3/2. (4.20)
This is in agreement with the result of Buchbinder-Lyahovich. 1)
§5. Measures in more-than-four-derivative gravities
We consider the system described by the Lagrangian
L(n+2) = LE + L(2)HD + L(n+2)HD + L(n+2)BRS , (5.1)
L(n+2)HD =
√−g
[
Rµνh2
(
D2
Λ2
)
Rµν +Rh0
(
D2
Λ2
)
R
]
. (5.2)
For the BRS Lagrangian we take the following form:
L(n+2)BRS = − iδ
[
c¯µω
(
✷
Λ2
)(
1
κ
∂ν g˜
µν − α
2
ηµνbν
)]
= L(n+2)GF + L(n+2)FP , (5.3)
L(n+2)GF =
1
κ
bµω
(
✷
Λ2
)
∂ν g˜
µν − α
2
ηµνbµω
(
✷
Λ2
)
bν , (5.4)
L(n+2)FP = −
i
2
(∂µc¯ν + ∂ν c¯µ)ω
(
✷
Λ2
)
Dµνρ c
ρ. (5.5)
Here h2, h0, ω are polynomials of degree n (> 0)
h2(x) =
n∑
k=0
β2kx
k, (5.6)
h0(x) =
n∑
k=0
β0kx
k, (5.7)
ω(x) =
n∑
k=0
γkx
k; (5.8)
D2
d≡ DµDµ is the covariant D’Alembertian associated with gµν ; ✷ d≡ ∂µ∂µ the
ordinary D’Alembertian; and Λ a dimentional constant. In order to make the theory
nonsingular we have introduced a polynomial ω(x) into the BRS Lagrangian. The
NL fields bµ are treated as independent canonical coordinates here. This is a point
different from in the previous two sections, where bµ were regarded as dependent
fields to be integrated out in the course of path-integral calculation.
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In the ADM coordinates the Lagrangians are written as follows:
LE + L(2)HD + L(n+2)HD
=
(
1
Λλ
)2n 1
4λ3
√
eΛ(n+2)ij,kl
×
[
e
(n+2)
ij −
λ(n+1)
λ
(e˙ij −∇iλj −∇jλi)−
(
∇iλ(n+1)j +∇jλ(n+1)i
)]
×
[
e
(n+2)
kl −
λ(n+1)
λ
(e˙kl −∇kλl −∇lλk)−
(
∇kλ(n+1)l +∇lλ(n+1)k
)]
+ . . . , (5.9)
L(n+2)GF = γn
(
1
Λλ
)2n [1
κ
√
e
(
1
λ2
λ(n+1)b
(n)
0 −
1
λ2
λiλ(n+1)b
(n)
i +
1
λ
eijλ
(n+1)
i b
(n)
j
)
− α
2
ηµνb(n)µ b
(n)
ν
]
+ . . . , (5.10)
L(n+2)FP = γn
(
1
Λλ
)2n
i
√
e
[
1
λ
c¯
(n+1)
0 c
0(n+1) +
1
λ2
c¯
(n+1)
0 c
0λ(n+1) +
1
λ
c¯
(n+1)
i c
i(n+1)
+
1
λ
c¯
(n+1)
i c
0
(
− 1
λ
λiλ(n+1) + eijλ
(n+1)
j
)]
+ . . . , (5.11)
where we have used the notation
Λ(n+2)ij,kl
d≡ β2nP (2)ij,kl + 4 (β2n + 3β0n)P (0)ij,kl. (5.12)
We assume β2n 6= 0 and β2n + 3β0n 6= 0 for simplicity.
For the Hessian matrix
M (n+2) =
ekl λ λb b0¯ bb¯ c
0 c¯0 c
j c¯j
eij
λ
λa
b0¯
ba¯
c0
c¯0
ci
c¯i


A(n+2) Γ (n+2)
Γ (n+2)t B(n+2)


,
(5.13)
we have the following form. The submatrix A(n+2)
A(n+2) =


A(n+2)ij,kl A(n+2)ij,0 A(n+2)ij,b A(n+2)ij,0¯ A(n+2)ij,b¯
A(n+2)0,kl A(n+2)00 A(n+2)0b A(n+2)00¯ A(n+2)0b¯
A(n+2)a,kl A(n+2)a0 A(n+2)ab A(n+2)a0¯ A(n+2)ab¯
A(n+2)0¯,kl A(n+2)0¯0 A(n+2)0¯b A(n+2)0¯0¯ A(n+2)0¯b¯
A(n+2)a¯,kl A(n+2)a¯0 A(n+2)a¯b A(n+2)a¯0¯ A(n+2)a¯b¯


(5.14)
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has the elements
A(n+2)ij,kl =
(
1
Λλ
)2n √e
2λ3
Λ(n+2)ij,kl, (5.15)
A(n+2)ij,0 =
(
1
Λλ
)2n(
−
√
e
2λ4
)
Λ(n+2)ij,kl (e˙kl −∇kλl −∇lλk) , (5.16)
A(n+2)ij,b =
(
1
Λλ
)2n(
−
√
e
2λ3
)
Λ(n+2)ij,kl
(
∇kδbl +∇lδbk
)
, (5.17)
A(n+2)ij,0¯ = 0, (5.18)
A(n+2)ij,b¯ = 0, (5.19)
A(n+2)00 =
(
1
Λλ
)2n √e
2λ5
Λ(n+2)ij,kl
× (e˙ij −∇iλj −∇jλi) (e˙kl −∇kλl −∇lλk) , (5.20)
A(n+2)0b =
(
1
Λλ
)2n √e
2λ4
Λ(n+2)ij,kl
× (e˙ij −∇iλj −∇jλi)
(
∇kδbl +∇lδbk
)
, (5.21)
A(n+2)00¯ =
(
1
Λλ
)2n
γn
1
κ
√
e
λ2
, (5.22)
A(n+2)0b¯ =
(
1
Λλ
)2n
γn
(
−1
κ
) √
e
λ2
λb¯, (5.23)
A(n+2)ab =
(
←
∇i δaj+
←
∇j δai
)( 1
Λλ
)2n √e
2λ3
Λ(n+2)ij,kl
(
∇kδbl +∇lδbk
)
, (5.24)
A(n+2)a0¯ = 0, (5.25)
A(n+2)ab¯ =
(
1
Λλ
)2n
γn
1
κ
√
e
λ
ea¯b¯, (5.26)
A(n+2)0¯0¯ =
(
1
Λλ
)2n
γnα, (5.27)
A(n+2)0¯b¯ = 0, (5.28)
A(n+2)a¯b¯ =
(
1
Λλ
)2n
γn (−α) ηa¯b¯. (5.29)
The submatrix B(n+2) is
B(n+2) =
(
1
Λλ
)2n
γnB
(1). (5.30)
It turns out that the determinants are
detA(n+2) ∝ λ−28n−28e, (5.31)
detB(n+2) ∝ λ−16n−8e4. (5.32)
Taking into account Γ (n+2)B(n+2)−1Γ (n+2)t = 0, we have
detM (n+2) ∝ λ−12n−20e−3. (5.33)
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Therefore the the measure in the path-integral
Z(n+2) =
∫
DgµνDbµDcµDc¯µ∆(n+2) exp
(
i
∫
L(n+2)d4x
)
(5.34)
is given as
∆(n+2) = (g00)3n+4(−g)−3/2. (5.35)
§6. Summary and discussion
We have given a simple method of calculating path-integral measures in higher-
derivative gravities. The measures are given as the generalized Lee-Yang terms. The
results obtained in §§3 and 4 agree with the ones of Buchbinder and Lyahovich, 1)
while the result in §5 has been first reported in the present paper.
Our method proposed here is much simpler than Buchbinder and Lyahovich’s,
which was to study the complex structure of the constraints of the theories and to
perform canonical quantization straightforwardly.
For the four-derivative gravity their investigation covers more general cases than
ours. The constraints β2 6= 0 and β2+3β0 6= 0 have been imposed for the parameters
in §4. In Ref 1) the cases of (β2 = 0, β2 + 3β0 6= 0) and (β2 6= 0, β2 + 3β0 = 0) were
also investigated. It is not difficult, however, to extend our method to treat those
exceptional cases. This will be discussed in a subsequent paper.∗)
Acknowledgements
Thanks are due to M. Hirayama and T. Kurimoto for discussion.
References
[1] I.L. Buchbinder and S.L. Lyahovich, Class. Quantum Grav. 4 (1987), 1487.
[2] M. Ostrogradski, Mem. Ac. St. Petersbourg V14 (1850), 385.
[3] T. Nakamura and S. Hamamoto, Prog. Theor. Phys. 95 (1996), 469.
[4] S. Hamamoto and M. Nakamura, Proceedings of the Ninth Workshop on General Relativity
and Gravitation, Hiroshima, 1999, ed. Y. Eriguchi et al. (2000), p. 35.
∗) A preliminary consideration on this subject has been given in Ref. 4).
11
